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Abstract 

We discuss the model consisting of tachyon which may have the 
negative kinetic energy plus scalar phantom and plus conformal quan- 
tum matter. It is demonstrated that such a model naturally admits 
two deSitter phases where the early universe inflation is produced by 
quantum effects and the late time accelerating universe is caused by 
phantom/tachyon. The energy conditions bounds for such cosmol- 
ogy are derived. It is interesting that effective equation of state may 
change its sign which depends from the proper choice of the combina- 
tion of phantom/tachyon and quantum effects. 



PACS: 98.80.Hw,04.50.+h,11.10.Kk,11.10.Wx 
^nojiriQyukawa. kyoto-u.ac.jp, nojiri@nda.ac.jp 

2 odintsov@ieec. fcr.es Also at Tomsk State Pedagogical University, Tomsk, RUSSIA. 



1 



1. Recent astronomical data suggest the existence of the dark energy with 
negative pressure [1] which should provide approximately two thirds of the 
current universe energy density. It is expected that this dark energy is re- 
sponsible for accelerating expansion of the observable universe. The ratio w 
between the pressure pd and the energy density of the dark energy seems 
to be near or less than —1, —1.62 < w = — < —0.74 [21. Numerous models of 
dark energy exist. The phantom (field with negative kinetic energy) [3] was 
also proposed as a candidate for dark energy as it admits negative pressure. 

From another side, there is much interest now in the tachyon cosmology 
(see [4] and for a review, [5]) where the appearence of tachyon is basically 
motivated by string theory. However, standard tachyon cosmology seems to 
be unsatisfactory and it is expected that stringy tachyon could be important 
in a possible pre-inflationary open string era. Nevertheless, it is interesting 
that tachyon with negative kinetic energy (another type of phantom) could 
be introduced [6]. Such a phantom/tachyon model has naturally negative 
w. It admits the late time deSitter attractor solution and maybe considered 
as an interesting dark energy model[6]. However, it is clear that universe 
should not be so simple and different matter should be present there. In 
particular, it would be interesting to construct the accelerating universe with 
the inflationary early epoch (with possible positive or negative equation of 
state) and with current accelerating universe dominated by dark energy. 

The purpose of the present letter is aimed in this direction. We consider a 
constituent model of tachyon with potential (tachyon may have the negative 
kinetic energy) plus standard phantom and quantum effects from the usual 
matter. The effective equation of state is derived and discussed in detail. It 
is shown that such a model admits two deSitter phases where the first phase 
(early universe) is produced by quantum effects and the late phase (current 
universe) is produced by phantom/tachyon. The restrictions from energy 
conditions to such cosmology are discussed. 

2. The starting tachyon action is given by 

s * = -j d '^9 {v{4>) yfi + Xg^d^dA + U(4>)} . (l) 

When A = 1 and U(4>) = 0, the above action describes the usual tachyon but 
when A = — 1 and U((f>) — it corresponds to the phantom/tachyon as in [6]. 
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The simplest way to account for quantum effects (at least, for CFT mat- 
ter) is to include the contributions due to conformal anomaly: 

T = b(F + -OR) +b'G + b"nR , (2) 

where F is the square of 4d Weyl tensor, G is Gauss-Bonnet invariant. In 
general, with N scalar, Ni/ 2 spinor, Aq vector fields, N 2 (= or 1) gravitons 
and A^hd higher derivative conformal scalars, b, b' and b" are given by 

N + 6iV 1/2 + 12Aq + 61L/V2 - 8N UD 
120(4tt) 2 

N + UN 1/2 + 62Aq + 14117Vg - 28iy HD „ _ 
b " 360(4^ , b - U . (3) 

Let the metric of the 4 dimensional spacetime has the warped form: 

ds 2 = -dt 2 + L 2 e 2A ]T (W) 2 . (4) 



Then the contributions due to conformal anomaly to p and p are found 
explicitly in [7, 8]. The "radius" of the universe a and the Hubble parameter 
H are introduced as follows 



a = Le A , H= — - = — . (5) 
adt dt w 



FRW equation looks like: 



H 2 = ^(p^ + Pa) , (6) 
d k J 1 

a ~ ~3l2 



f 1 3 I 

|2 (p<I> + Pa) + g (p^>+Pa)| • (7) 

Here and are the energy density and the pressure of the tachyon <fi, 
respectively. 

The natural assumption is that <p only depends on time t. Then the 
equation of the motion for tachyon follows from (1): 

„ = A , + (a^ + m) (l _^) + m (l _^)l. (8) 



The energy density p^ and the pressure are given by 
V(<j>) 



P<p = i ^ . + U{4>) , ^ = -y(0)Vl-A0 2 -C/(0) . (9) 
VI - A0 2 

We may further assume that the spacetime is deSitter space: a = ei . Then 
[7, 8]: ' 

66' , , 

Pa = -Pa = -jj ■ (10) 

and the FRW equations (6) and (7) are: 



h- -l(^^^- m + -) . (12 ) 

By combining (11) and (12), we find = 0, that is, <fi should be a constant: 

= 0o- (13) 

Then Eq.(ll) gives 

^ = 1 (Wo) + Ufa) - . (14) 

On the other hand, eq. of motion (8) gives 

V'fa) + U'fa) = . (15) 

Then V((j) ) + Ufa) has an extremum at <f> = 4> or Vfa) + Ufa) is a 
constant. The above aruguments are valid even if Ufa — if V{4>) has an 
extremum. If we follow the proposal in [9], V(<f>) has a following form: 

Vfa = V (l + e"& , (16) 
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which is monotonically decreasing function with respect and has extrema 
at — 0, where V(0) = Vo, and at = +00, V(0) = 0. If, for example, 

U{4>) = -Vo^e-& , (17) 

00 

V((f)) + U((j)) is always constant. Since = 0, we find = — = V(<po) + 
U(c/)o) and therefore w = —1. One can solve (14) with respect to L 2 : 



1 _ 1 ±J 1 1 U ° 

L 2 AVk V 166' 2 k 2 66' ' 1 J 

Here 

U = V(0o) + U(<p ) . (19) 
Since 6' is usually negative, if 

v " s ~m? • (20) 

the both of the solutions are real and if Vq > 0, both of solutions are positive. 
We may consider the case that Vo is small (more exactly |£//« 2 Vo| <C 1), then 

1 1 kU 

T^-zu-^—- (21) 

This suggests a senario where the early universe expands by ~ 
(anomaly driven inflation) and the late universe (at present) expands by the 
smaller solution ~ Eq.(21) shows that there are two regimes, one is 
given by almost purely quantum effects (slightly perturbed by tachyon) and 
another one is due to almost only tachyon perturbed by quantum effects. 
Then quantum induced inflation and tachyon induced one effectively decouple 
in such scenario. 

Since now = 0, one gets 

w = p± = p± = p + + Pa = -i. (22) 

P<t> Pa P<t> + Pa 



For more general case with 7^ in (9), the effective equation of state is 

P<t> V(<f>) + U(</))Jl- \<p 



_P<t> 1 , \ V 1 -^ 2 / 
w<l> = — = -H 7 • (23) 
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Therefore when V(<p) > and U(<p) > 0, if A < 0, that is, the tachyon is 
phantom-like, we find w < — 1. 

3. We may further couple the above model with the usual phantom field [10] 
(deSitter universe induced by phantom with quantum effects was studied in 
[11]). The energy density pc and pressure pc of the phantom field is given 
by [10] 

C 2 

Pc=Pc = ~y> ( 24 ) 

where C is a constant. Denoting the energy density and pressure of the 
matter by p m and p m , respectively, Eqs.(ll) and (12) are modified as 

1 k( VU) TT/1S 6b' C 2 \ 

» = 3ivft + ^"^^ + P t (25) 

1 - "( m ■?v W vr^-w) + S 



C 2 + lp m + lpm) ■ (26) 



2' 2 

Eqs.(25) and (26) can be solved with respect to p m and p m : 



VU) , . 66' C 2 3 



L 4 2 «L 2 ' 



/ 66' r* 2 3 

P m = n0)Vl-A0 2 + W)- II + T -^. (28) 

Let us remind the standard energy conditions accepted in cosmology: 

o Null Energy Condition (NEC): p + p > (29) 

o Weak Energy Condition (WEC): p>0andp + jo>0 (30) 

o Strong Energy Condition (SEC): p + 3p > and p + p > (31) 

o Dominant Energy Condition (DEC): p > and p±p>0 (32) 

It is interesting to analyze the restrictions to current deSitter cosmology from 
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the energy conditions. 3 By combining (27) and (28), one gets 

, 2 A0M0) 



Pm Pm C 



yfl - A0 2 ' 



(33) 



Then NEC can be satisfied if V(<f>) > 0, A < 0, which is the case that the 
tachyon is phantom-like. The expression of p rn (27) can be rewritten as 



2L 4 

m 

2L 4 



6 r2 126' 
-L + 



3 



126' 

W) 



x L 



fi2 



^(0) 



126' 

W) 



(34) 



17(0) • 



'1 - \<P 2 

If < 0, p m < 0, then WEC or DEC is not satisfied. If (3{4>) > 0, since 



on L 2 : 



+ v («/^)) ~~ > ^' WEC or DEC gives a non-trivial constraint 
3 



L 2 > 



12b' 



(35) 



We also have 



Pm + 3p m — 



7(0) 
L 4 

7(0) 
L 4 

/ 



6 r2 126' 



«7(0) 
3 



7(0), 



«7(0) + ^ V K 7(0) 



+ 



12b' 

7(0) 



x 



L — 



V 



«7(0) \] \ K 7(0) 



+ 



126' 

7(0) 



(36) 



3 Generally speaking, the energy conditions bounds are not dictated by some deep 
physical principle. 
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7 (0) = 2C 2 - 



v{4>) 



1 - A0 2 



+ 2>V((f))\fl -\<p 2 + 2U(4>) 



When V ((f)), U ((f)) > and A < 0, we find 7(0) > 0. In this case, if the 
quantity inside the squre root is negative: 



126' 
+ < , 



70) 

we obtain p m + 3p m > and SEC is satisfied. On the other hand, if 

/ 3 \ 2 126' 

+ -^tt > , 



(37) 



\K-i((f))) 7(0) 

SEC gives a non-trivial constraint on L 2 
3 I 1 3 V 126^ 



(38) 



L 2 < 



«7(0) ^ l«7(0)>/ + 7(0) 
One also has 



or Z/ > 



«7(0) + ^ V K 7(0) 



+ 



126' 

TO) ' 
(39) 



Pm - Pr, 



V(4>) 

L A 
r){4>) 

( 



6 r2 126' 



Ki]((f)) r](4>) 
3 



Kr/(0) + \ \KT](<f))) ^ r]((p) 



+ 



126' 



x 



v(<f>) 



V 

V(<f>) 



126' 



(0) \ %(0 ' 



(40) 



+ \/(0) VI -A0 2 + 2t/(0) . 



\[l - A0 2 

Now if V^(0), C/(0) > 0, then r]((f)) > and DEC gives a constraint: 



kt](4>) \J \nr}(4>)) + r)((f)) 



126' 



< L < 



+ 



126' 



(41) 
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As a special case, we consider the dust as a matter, where p n 
Eq.(28) gives 



L = 



± 



+ 



12b' 



<{<!>) \\<{<t>), 

+ \/(0)v / l-A0 2 + f/(0) . 



0. Then 



(42) 



C 2 



Note that £(0) is positive if V(4>), U(<p) > 0. On the other hand, say, from 
(33), we obtain 

Pm = e- _ . ,43) 

v/i - 

Then if V((f>) > 0, A < 0, which is the case that the tachyon is phantom-like, 
all the energy conditions are satisfied. 
When 

k 2 &W)|«1, (44) 

two solutions (42) are: 
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-2Vk 



(45) 

The first one corresponds to the classical tachyon solution. On the other 
hand, the second solution is induced by the quantum corrections and is in- 
dependent of the tachyon (p or phantom C. Then as in (21), there are two 
decoupled deSitter phases. One is induced by quantum effects and another 
one is due to the classical tachyon and phantom. 

On the other hand, in (42), we may consider the case that the quantum 
contribution has almost same magnitude with that from the phantom and 
tachyon: 

(46) 



Then two solutions (42) are of the same order with each other. Especially 
when 

« 2 &W) = -1 , (47) 

the solutions become degenerate and there is only one solution. The mag- 
nitude of L 2 in the degenerate case is half of the classical case that b' = 0. 
If 

K 2 b't{<t>) < -1 , (48) 
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the solutions (42) become imaginary. This is indication to (non-physical) 
oscillating metric. 

Let us investigate the effective equation of state, i.e. w including all the 
dark-side: tachyon, phantom and quantum corrections. By combining (9), 
(10), and (24), one finds 

Ps + Pa + Pc 



w 



+ Pa + pc 
-^= + [/(0)-f -oi 



y(0)(v^^ + i ) + 



1 1 v I ^ / ( iq | 



61/ 

7J 



In the limit of C — > oo, w — > 1. On the other hand, when C — > 0, we find 

L 4 



W 



-V(<f>) Jl - A0 2 - U(<f>) 1 6b ' 



\/l-A</> 2 



-i + _ (50) 



which is less than — 1 if A < 0, [/, l / >0, and b' < 0. The obtained expression 
(50) is a monotonically decreasing function of C in the region < ^- < 
-p&= + U(4>) - % and -£&L= + UU) - ^ < ^ < oo. There is a pole 

singularity at ^ = -M- + UU) - %. In the limit ^ -> -M- + [7(0) - 
^ — 0, we obtain io — > — oo. Then in the region ^ ~ y/^x^, 2 ~^ ~ ^ 
+ [/(</>) — one may get large negative w. When ^ 
+ u^) _ 6* f rom Eqs.(27) and (28), we find 




2 



(51) 

V+ -^) +2C/(0) -^-^' <52> 
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Then NEC (29) and WEC (30) are satisfied. SEC (31) is satisfied if 

1 \ „„, ,s 366' . 6 



and DEC (32) is satisfied if 

126' 6 



K W (^^ + ^_j +2£/W __<_. (54, 

Eqs.(53) and (54) show that SEC and DEC do not conflict with each other. 
Although the value of L 2 depends on the contribution of the matter energy 
density, Eqs.(53) and (54) give non-trivial constraints on L 2 . If 



C(0) = V{4>) Vl - A0 2 + , + 2U(<P) > , (55) 

V V 1 - ^ 2 

Eqs.(53) and (54) can be rewritten as 



J 2 < 1 / 1 12h ' T 2 > 1 / 1 l2h ' 

On the other hand, Eq.(54) can be rewritten as 



3 9 126' ^ r2 ^ 3 9 126' 

+ — r < L 2 < — — + { — — + — . (57) 



K 2 a<f>) v ^ 4 c(0) 2 c(0) - - ^ 2 c(0) v ^ 4 c(0) 2 c(0) 

Then all the energy conditions can be satisfied if 



3 9 126' „ 1 1 126' 

+ — --<L 2 <— — -J , WlNO + 



^cw v ^ 4 c(0) 2 cw - v *ww a<P) 

1 / 1 IW 2 3 / 9 12^ 

<)r ^ 2 cw + v^cW + c(0) - -^^ + v^c(0F + c(0) ( } 

We also note that in the limit ^ -> + W) - |r + (instead 

of ^ -> + C/(0) - ^ - 0), we obtain w -> +oo. Then when the 

2 V 1 -^ 2 
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contribution of the phantom has almost the same magnitude with those from 
the tachyon and the quantum effects but that of the phantom is a little bit 
bigger, w becomes positive. Note that the sign of the contribution to the 
pressure from the phantom is opposite to those from the tachyon and the 
quantum corrections. Then the sign change of w occurs when the sign of 
the pressure is changed. We should also note that w corresponding to only 
tachyon is given by (23), which is less than or equal to —1 when V((f>) > 
0, U(4>) > 0, A < 0. On the other hand w corresponding to quantum 
corrections is —1 as in (22). Eq.(24) tells w corresponding to phantom is 
unity. The reason why w can be positive when ^ > -J=&L= + U ((/)) — but 

^ ~ -^ML= + U{4>) — jj + is surely due to the existence of the phantom. 

Moreover, w can become large due to the proper choice of combination for 
phantom, tachyon and the quantum effects. 

When is small, the role of quantum effects is just to shift the contribu- 
tion from the tachyon: 

v^i-x^+u^) ~ v{<p) , +u(<f>) ~ v(4>)+u(4>) - v(cf>)+u(4>)-^ 

VI - A0 2 L 

(59) 

The quantum effects become dominant for small L even if C is large (compare 
with [11]). In the limit where L is small, w (50) goes to —1. 

The main lesson drawn from this study is that constituent dark en- 
ergy model may provide several deSitter-like phases of accelerated expansion 
where effective equation of state may change its sign when fine-tuning the 
model. The role of quantum effects is to drive the early universe to infla- 
tionary epoch. In some situations, bounds provided by the standard energy 
conditions maybe satisfied. 
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